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MATHEMATICS

UDC 10.5539

On a pursuit differential game with integral constraints in R™
N. Umrzaqov, |.S. Zaynabiddinov

AHTIDKaHCKHH rocyiapCcTBeHHBIH yHUBepcuTeT uM. 3.M Bobypa, Aummxan,170100
Submitted May 18, 2023; Accepted for publication June 15, 2023.

Abstract. In this paper, we study a differential game of pursuit for a system of linear ordinary differential equations in
the space R™. Integral constraints are imposed on the control parameters. A pursuer strategy is constructed that guarantees
the completion of pursuit problem for a differential game.

Keywords: pursuer, evader, pursuit differential game, control, admissibility of strategy, completion of pursuit, .

AHHOTaums. B gaHHon pabote nsyyaetca anddpepeHumnansHas nrpa npecnefoBaHns Ans KOHEYHOW CUCTEMbI Nn-
HENHbIX 0ObIKHOBEHHbIX AnddpepeHumnanbHbIX ypaBHEHWUI ypaBHEHUI B NpocTpaHcTBe R™. Ha napameTpbl ynpaBneHus
HamnoXeHbl MHTerpanbHble orpaHnyeHns. CTpouTca cTpaTterna npecnegoBaTtens, rapaHTMpyowas 3aBepLlleHne 3agayn
npecrneaoBaHusa ons auddepeHumnansHOm Urphbl.

KnrouyeBble cnoBa: npecnenoBarens, yoeraowmn, auddepeHumansHas urpa npecnefoBaHus, ynpasneHue, oony-
CTUMOCTb CTpaTernu, 3aBepLUeHne NpecnenoBaHus.

Annotatsiya. Ushbu magolada biz R™ fazoda chizigli oddiy differensial tenglamalar tizimiga intilishning differentsial
o'yinini o'rganamiz. Boshqarish parametrlariga integral cheklovlar qo'yiladi. Differensial o'yin uchun ta'qib gilish muammo-
sini yakunlashni kafolatlaydigan ta'gibchilar strategiyasi tuzilgan.

Kalit so'zlar: ta'gibchi, gochish, ta'qib gilish differensial o'yini, nazorat, strategiyaning magbulligi, ta'gibni yakunlash, .
PACS numbers: 02.30.0z, 02.30.Mv, 02.30.Yy, 02.50.Le.

1. The pursuit differential game of one pursuer and one evader
We study the following differential game

P: x
E: y

—ax +u(t), x(0)=x,,
—bx +v(t), y(0) =y,

wheret = 0, x,y, X9, Y0 € R™, xo # Yo, b = a > 0 and u, v are the controls of the pursuer P and evader E
respectively, usually subjected to integral constraints

(D

| “lulo)l2ds < p? @)
0
and
jm| v(s)|%ds < o (3)
0

The solution of equation (1) is

t
x(t) = xge™% +j e~ =9 y(s)ds,
0

t

y(t) = yoe Pt +J. e b= p(s)ds.
0

The attainability set of the pursuer P from the initial state x, at the time t = 0 to the time t = @ is the ball
H(xoe™%, ¢(a,0)p) of radius ¢(a, 8)p and centred at x,e ~*?, where
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1
o 1

¢(a,0) = <f e‘za(e—s)ds)2 = %(1 — e2a8), ©))
0 \’

Definition. In the game (1), the pursuit is said to be completed within the time 8 > 0, if there exists control
u = u(t, v) of pursuer P such that x(t) = y(t) holds for any admissible control v = v(t) of the evader E,
for some t € [0, 6].

The main result of this paper is to show that if the control resource of the pursuer is greater than that
of the evader, then completion of pursuit is guaranteed.

Theorem 1. If p > o, then pursuit can be completed for the finite time & > 0 in the game (1).

Proof. To prove the theorem we first find a formula for a guaranteed pursuit time. Then we show the pursuit
can be completed in the game by choosing a control to pursuer.

1) A formula for a guaranteed pursuit time. Define 6 by the equation
¢(a,0)p = |xge ™ — yoe™"°| + p(a, 6)0.
This equation has a root since
if60=0,0<]|xg—y|l+0,
ifo - w'v%> 0] +J%.
Next we claim that the control

-b6 ab

— Xpe~
¢*(a,6)

Yo€ e—a(0-s)

up(s) =

transfers the point x,e =% to y,e =% Indeed,

0 P S
x(0) =xpe % + f e~ ¥0=9) y(s)ds = xpe % + > f e~20(0-9) ds =
0 ®*(a,0) 0

—af bo

= xoe“w + yoe‘b9 — Xp€ = ype”

2) The strategy for the pursuer is

u(s) = up(s) +e@PEy(s), 0<s<9,

u(s) =0, s>86. ®

3) Admissibility of the strategy (5). By (2)-(4), and b = a, we have

0 1/2 0
( [ |u(s)|2ds> < ( | |u0(5)|2d5>
0 0
1/2

_ _ 1/2 0

lyoe 2% — xqe a9|<fe 2

< e=2a(0=9)qs + f lv(s)|*ds <p-oc+o=p.
®%(a,0) 0 0

1/2 1/2

0
+ < f ez(a-b)<9-5>|v(s)|2ds>
0

4) Pursuit is completed at t = 6.
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0
x(0) = xpe” +f e~ 09 (g (s) + (@ DE9Dy(s))ds
0

6 6
= xpe” % + f e~ 0=y, (s)ds + f e~ U0-9) o(a=b)(6-9)y(5)ds
0 0

= xpe % +

-bo _ .. ,—ab (B o

Yoe Xo® e 2000-9)ds + | P06~ y(s)ds

2
¢*(a,6) 0 0

o

= xpe % + yoe P — x,e70 + f e P0=9) y(s)ds = y(6).
0

This completes the proof.
2. The pursuit differential game of many pursuers and one evader

Now, we study the next case which has many pursuers P;, i = 1,2,...,m, and one evader whose
motions described by the equations

P x = —ax +u;(t), x;(0)=x,

E: y=—bx+v(t), y(0)=y,, (6)

where t = 0, x;,V, Xi0, Vo € R™, xj0 # Vo, b > % > 0andu;,vfori=1,...,m,are the controls of the i-th
pursuer P; and evader E respectively, usually subjected to integral constraints

f " lus)Pds < p?, %
0

and
foo| v(s)|%ds < 0. (8)
0

We say that pursuit can be completed in the game within the time T > 0, if there exists admissible strategies
Uy = u(t,v),uy = uy(t,v),..., Uy = Uy (t,v), of pursuers such that x;(t) = y(t) holds at some i =
{1,...,m}, for any admissible control v = v(t) of the evader for some t € [0, T].

Now, we show that if the total control resources of the pursuers is greater than that of the evader,
then completion of pursuit is guaranteed.
Theorem 2. If ¥, p? > 2, then pursuit can be completed for the finite time & > 0 in the game (6).

pPic

Proof. Let p = (p? + p2+...+p2)"?, 0, = = and

x;(7)e~ % — y(1)e~Pt)2
Fi(r,t)zl i) (pz(a‘Jr/(t)) | L t>T,i=1.2,...,m, 9)
where
¢ 1
2 1
p(a,t,t) = <f e‘za(t_s)ds> = \]— (1 — e~2a(t-D), (10)
< 2a
Since —— — +was t - ¢+ for a fixed t > 0, the left part of the equation
e(art)

1
F?(z,t) = p; —o; (11)
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approaches +oo as t — t*. Moreover, the function (9) is decreasing function of ¢t and F;(t,t) » O as t —
+o0. Indeed, by b = a we have

piey ZMH@e —y@e P IP _ u@e” —y@e @’ _
i(nt) = o2(aD <5 _
by E (1 _ e—Za(t—‘r))

_ 2alx(@ -y@P  2alx@) —y@)/?
- eZat(l _ e—Za(t—T)) - elat _ p2at -

0, t — oo,

Thus, (11) has a unique solution t = 6,.

Construction of the pursuers strategies. Our recommendation is for the pursuers to act sequentially and
use parallel approach control to capture the evader. In doing so, they can utilize their extra control resources
to deplete the evader's resources at a predetermined time. This is based on the assumption that the evader
will use a certain amount of their control resource. If the evader uses more than anticipated, the pursuer will
use up all their resources sooner than planned. However, if the evader uses less, the pursuer will be able to
catch them without needing additional pursuers.

The strategy of pursuers P;, i = 1,2,...,m as follows. Set

yoe—btl — xoe—at1

e~ t1=9) 4 o(b=)(t1=S)y(5),if 0 < 5 < ¢4,

uy (s, y(s),v(s)) = ®?(a,0,ty)
0, if s > t;.
ui(s,y(s),v(s)) =0,0<s<t,i=23,..m, (12)
where time

- {Ql,if‘[l >0,
1= 71, ile < 91,

and 7 is the first time when fOTl | v(s)|2ds = o which may or may not exists.

Consequently,
T1
(1)) =% — f | v(s)|?ds = 0% — a2.
0

If such time t, fails to exists, then we set 7, = +oo.

The case t; = +oo yields the inequality o(t) > o2 — o2, for all t > 0 which follows from

t oo
o(ty) = 0? —f|v(s)|2ds>0'2—j |v(s)|?ds = 0% —o?, t > 0.
0 0

Hence, we have

Tq 0
f |v(s)|?ds = f |v(s)|%ds < of.
0 0

Butif r; > 6,4, thatis, t; = 64, then we claim pursuit can be completed at time t,. Observe that, for this case,
6,4 T

f | v(s)|?ds =f | v(s)|%ds < of.
0 0
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Completion of pursuit. To show completion of pursuit, we first establish the admissibility the pursuers
strategy (12). By (9)-(11) and b > a, we have

t 1/2 01 1/2  [ype b0 — xye=2: |2 1/2
Yoe Xo€ (6. —

u s|2ds> =(f u s|2ds) <([ 22095 |+

(fo 1(5) 0 1() 0 ¢»*(a,0,6,)

61 2 —-b 9 _ 2 1/2 |yoe_b61—xoe_a91| 91 -2 9 _ 1/2 el 2 1/2
+(f0 e2(a=0)(01=9) |y ()| ds) < 27000 (fo e—2a(6: S)ds) +(f0 [v(s)| ds)

S1:11/2(0: 1) + 01 =p1 — 01+ 01 =ps.

Hence, we conclude that the strategy (12) is admissible for the case t; = 6,. And if the pursuers adopt the
strategy (12), then we have

ab,

7 pa(0;-s) (Y08~ Xoe~
(pZ(a' 0; 91)

ab

x(t;) = xoe %1+ j e~a01=9) 4 e(b_a)(el_s)v(s)> ds

0

6
1€_a(61_s)d5+f 1e—a(91—5)e(a—b)(91—5)v(s)ds

61 —b91 _ -
= xpe %1 +f g ~a(01-9) Yo® *o€
0 0

(pZ (a' 0' 91)

-bOy _ , ,—ab; (6 0
= xoe "% +YOe '~ Xe€ 1f 1e—2a(91—s) ds+f 1e—b(91—s) v(s)ds
®?(a,0,0,) 0 0

= xge "1 + yje P91 — x e +f
0

61
e ~Pb(61-5) U(S)ds = }/(91) = Y(tl)'

This implies that pursuit can be completed in the game (6) at time ¢t; = 8,. Thus, if the pursuers apply the
admissible strategy (12), then either the evader spend the resource of control less than or equal to o7 or
pursuit will be completed.

If we assume that pursuit fails to be completed on the time interval [0, t; ], then we must have 7; < 6; which
implies [0, t] = [0, 74].

Using mathematical induction, we define the numbers 6; and t; for i = 1,2,...,m as follows.

Let the numbers 64,14, 0,,75,...,6;,T;, (i = 1,2,...) be defined subject to the following conditions:
i.  Fi(t;_4,t), where Ty = 0 has a unique solution at t = 6;;
ii. t;is the first instant when f;" |v(s)|?ds = o7, for all i =1,2,...,m. That is, o(t;) = 0% —
-1
=1 ajz, such time may exist or not. For the latter case, we let 7; = +oo;

iii. 1, <6y, k=12,...,i, and pursuit fails to be completed on [0, z;]. In particular, 7, < o0, k =

We nowléi;‘iﬁé';'z 6;+1 as a unique solution of the equation
FilJr/lz(Ti’ t) = Pi+1 — Oi+1s
where
Fil(tpt) = |xi+1(‘l,'l-)e;at et
¢*(a,7;,t)

The strategy of pursuersfor all t > 7, is defined as follows:

Set
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0, ifs <1
y(r)e Pl — x(r)e i ) (ban— .
U1 (s,y(s),v(s)) = a(tit1—s) 4 o(b=a)(ti41-5) fr; <s <ty
i+1(5,¥(s),v(s)) @t tny) e e v(s),ift; <5 <ty
O, lfS > ti+1,
uj(s,y(s),v(s)) =0, 1, <s<tj,j=12,...,5,i+2,....m, (13)

where time

0141, 1 Ty1 = 0149,

liy1 = { :
Tiv1 1 Tiq < Oi49,

and t;,, is the first time when f;i“ | v(s)|?ds = o7, which may or may not exists.

Consequently,
Tit+1
o) =0% = [ v)Pds = 0? = (o2+... +Ehy)
To
If 7;,, fails to exists, then we set 7;,; = 400, which yields
Tit+1
| 1vo)Pds = 0w = o(a102) < o
Tj

For the case t;,4 = +0;,1, Observe that

Oi+1 Ti+1
f |v(s)|?ds < f |v(s)|?ds < 0?4
T T

Admissibility of the strategy (13) is shown by using similar argument in the admissibility of (12). That is,

1/2 1/2

041 011

—bo; —ab; 2
T:)e l+1—x T:)e i+1
[ s | s [ RO X a0,
o*(a,7;,0i11)

T L

1/2 1/2

0i+1
J e—2a0i+1-5) dg

L

011

[ TN RN TS PR
Tl

©*(a, 7, 0;41)

1/2
011

1/2
+ f lv(s)|?ds < /P (0 0i01) + 0ie1 = Pist — Oisr + 01 = Pisa.

T

In addition, the strategy (13) ensures x(6;,,) = y(6;4,1) if adopted by the pursuers on the time interval
[t Tiv1]- Thatis, pursuit will be completed at time 6;,, and so on. And if pursuit goes until time 7,,,  without

completion, then let 8,,, be the unique solution of

1/2
Fm/ (Tm-1,t) = Pm = Om,
where

—at —bt|2

|xm(Tm—1)e - y(Tm—l)e
»*(a,Tm-1,t)
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Since we have 6 (t,,—1) = 02 — (62 + =+ + 64_1) = 05, then
0

f | 0()[2ds = 6(tmy) = 0(tm) < 0(Tmy) = 02,

Tm-1

Let

0, ifs<t,_q

—bty, _ —at;,
Up (s,y(s),v(s)) = iy(fm_l)e XCm=1)eTT™ —atons) 4 e 0= (tm=9)y(s),

¢2(ar Tm-1, tm)
0, ifs > t,,

ift_y <5<ty Ui(5,y(5),v(5)) =0, s>Tpp_q, j=12,..,;,i+2,.., m—1. (14)

Admissibility of the strategy (14) is shown by using similar argument in (12) again. Thus,

1/2

Om
f um(S)[2ds | < pm.

Tm-1

It can also be verified that the strategy (14) ensures x(6,,,) = y(8,,) if adopted by the pursuers on the time
interval [t,,_1, T,n]. That is, pursuit is completed at time 6,,,. This finishes the proof.

R™ fazoda integral chegaralanishli ta’qib qilishning differensial 0’yini haqida

Kalit so‘zlar: ta’qib qgiluvchi, qochuvchi, ta’qib qilish differensial o’yini, boshqaruv, boshgaruvning joizligi,
ta’qib qgilishning yakunlanishi.

Ushbu magolada, R™ fazoda dastlab, harakat tenglamalari (1) ko’rinishda berilgan ta’qib giluvchi va
gochuvchining differensial o’yinini o’rgandik. 1-teorema orgali ta’qibchining boshqaruv resursi qochuvchi-
ning boshqaruv resursidan katta bo’lganda ya’ni (2) va (3) joizlik shartlari uchun p > o tengsizlik ba-
jarilganda ta’qib qilishni tugatish mumkinligini ko’rsatdik. Bunda ta’qibchi (5) boshgaruv bilan harakat
gilganda har ganday vaqt va gochuvchining har ganday boshgaruvi uchun (2) joizlik sharti bajarilishini
tekshirdik. So’ngra, tanlangan boshqaruv yordamida ta’qib qilishni chekli vaqtda tugatish mumkinligini
ko’rsatdik.

Ishning davomida harakat tenglamalari (6) ko’rinishda berilgan m ta ta’qib qiluvchi va bir qochuv-
chining differensial 0’yinini o’rgandik. Bu holda asosiy natija sifatida 2-teoremani keltirdik, ya’ni taq’ibchi-
larning energiya resurlarining yig’indisi qochuvchining energiya resursidan katta bo’lganda ta’qib qilishni
tugatish mumkinligini ko’rsatdik. Biz ta'gibchilarga navbatma-navbat harakat gilishni va ta’qibni tugatish
uchun parallel yaginlashish boshgaruvini qo'llashni taklif gildik. Agar gochuvchi 0'z boshgaruv resursining
belgilangan gismini sarf qilsa, ta’qibchilar o'zlarining ortigqcha nazorat resursidan barcha resurslarni oldindan
hisoblab chigilgan vaqtda sarflash uchun foydalanadilar. Agar qochuvchi rejalashtirilganidan ko'prog resurs
sarflasa, ta'qgib giluvchi barcha boshgaruv resurslarini kutilganidan oldinroq ishlatadi. Agar gochuvchi kam-
roq resurs sarflasa, mos o’rindagi ta'qib qiluvchi keyingi ta'qibchilar jalb qilinishidan oldin uni ushlaydi.
Agar gochuvchi m — 1 ta ta’qibchidan qochib ketishni uddalagan taqdirda ham, urning ortib qolgan boshqa-
ruv resursi oxirgi ta’qibchining boshqaruv resursidan kichikligi hisobiga va 1-teoremaga ko’ra ta’qib qilish
yakunlanadi.
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